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Quantum-field dynamics of expanding and contracting Bose-Einstein condensates
S. Wu¨ster,1, ∗ B. J. Da¸browska-Wu¨ster,1, ∗ S. M. Scott,1 J. D. Close,1 and C. M. Savage1
1Department of Physics, Australian National University, Canberra ACT 0200, Australia†
We analyze the dynamics of quantum statistics in a harmonically trapped Bose-Einstein conden-
sate, whose two-body interaction strength is controlled via a Feshbach resonance. From an initially
non-interacting coherent state, the quantum field undergoes Kerr squeezing, which can be quali-
tatively described with a single mode model. To render the effect experimentally accessible, we
propose a homodyne scheme, based on two hyperfine components, which converts the quadrature
squeezing into number squeezing. The scheme is numerically demonstrated using a two-component
Hartree-Fock-Bogoliubov formalism.
PACS numbers: 03.75.Nt, 03.75.Mn.
I. INTRODUCTION
Multimode quantum fields are the appropriate de-
scription for a vast array of phenomena in high-energy
physics, condensed matter physics and cosmology, but
they are notoriously difficult to analyze theoretically. Un-
like many quantum fields, it appears feasible that those
describing degenerate Bose and Fermi gases can be ex-
perimentally manipulated, detected and studied. The
development of techniques for this could have broad in-
fluence on a variety of outstanding problems in physics.
Understanding the many-body quantum state of a
Bose-Einstein condensate (BEC) is relevant for sys-
tems including: squeezed atom-lasers [1], simulations of
cosmological particle production in the early universe
[2, 3, 4, 5], and the quantitative description of collapsing
condensates due to attractive interactions [6, 7, 8].
The quantum field equations describing expanding and
collapsing condensates are analogues of those describing
a quantum field on a curved space-time [2]. Learning to
experimentally manipulate and study the analogue sys-
tem provided by expanding and collapsing condensates
promises us a new window on processes such as signa-
ture change that may be relevant for the evolution of the
early universe [9]. The quantum field of expanding and
contracting condensates is the subject of this paper.
While quantum-field models exist to approximately de-
scribe the time-evolution of Gaussian quantum states in
such non-equilibrium situations [10, 11, 12, 13, 14, 15, 16,
17, 18, 19], they require us to specify the initial quantum
state of the condensate, which is complicated if interac-
tions are present [20, 21, 22].
Due to the controllability of atomic interactions by Fes-
hbach resonances, quantum field dynamics in a BEC can
however be examined starting from a non-interacting ini-
tial state. Then, we assume that the many-body quan-
tum state is represented by a coherent state; perhaps
originating from a mixture of all different phases, as in
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the optical laser [23]. This initial situation was realized
in experiments on collapsing Bose-Einstein condensates
with attractive interactions [24]. We also theoretically
consider it here, but with interactions suddenly rendered
attractive or repulsive.
We show that the condensate’s state evolves from co-
herent to quadrature squeezed due to the Kerr effect.
For repulsive interactions a single-mode model provides
a qualitative description of the squeezing. However, a
multi-mode analysis is required for a quantitative de-
scription, especially in the attractive case.
The experimental detection of quadrature squeezing
requires a phase-reference, such as in homodyne detection
[25]. We propose such a scheme based on a splitting of the
Bose-Einstein condensate into two separately conserved
hyperfine components. We demonstrate the proposal us-
ing two-component Hartree-Fock-Bogoliubov (HFB) the-
ory with realistic experimental parameters. The homo-
dyne detection is found reliable even in the presence of
imperfections like interactions between the local oscilla-
tor component and the squeezing field. Also the Kerr
squeezing of the local oscillator itself does not prevent
us from attaining a measurable reduction of the number
variance.
A single mode model of Kerr squeezing has previously
been found useful despite the presence of multi-mode
effects [1]. The authors of Ref. [1] also observe that
the interference of two quadrature squeezed atom-lasers
can yield a number squeezed state, in accordance with
our successful simulation of the homodyne scheme with
squeezed local oscillator. In contrast to Ref. [1], which
is focussed on the creation of a squeezed atom laser, we
consider a simpler setup and target studies of quantum
field dynamics. A core ingredient in our work is a Fes-
hbach resonance, allowing the use of a simple coherent
initial state.
This paper is organized as follows. Section II provides
a brief overview of the three quantum theories employed:
the single mode model, HFB theory and the truncated
Wigner approximation (TWA). In section III we analyse
Kerr squeezing in a harmonically trapped condensate and
in section IV propose a matter-wave homodyne scheme
to detect it. Technical details regarding variances in the
2HFB formalism as well as the two-component HFB equa-
tions of motion can be found in the appendix.
II. METHODS
An ensemble of Bose condensed atoms in a harmonic
trap is described by the many-body Hamiltonian
Hˆ =
∫
d3x Ψˆ†(x)Hˆ0(x)Ψˆ(x)
+
U0
2
Ψˆ†(x)Ψˆ†(x)Ψˆ(x)Ψˆ(x), (1)
where
Hˆ0(x) = − ~
2
2m
∇2
x
+ V (x) (2)
is the single particle Hamiltonian, and Ψˆ(x) denotes the
field operator in the Heisenberg picture that annihilates
atoms of mass m at position x. We have assumed a
contact interaction of strength U0 = 4pi~
2as(t)/m with
time dependent scattering length as(t) and a spherically
symmetric harmonic potential V (x) = mω2x2/2. Note
that we use the physical coupling for the parameter U0
directly, rather than the bare coupling, which we justify
in section II B. The Heisenberg equation for the field
operator is:
i~
∂Ψˆ(x)
∂t
= Hˆ0Ψˆ(x) + U0Ψˆ
†(x)Ψˆ(x)Ψˆ(x). (3)
In the following subsections we briefly introduce several
methods to obtain approximate solutions to this multi-
mode quantum field problem.
A. Single mode Kerr squeezing
Among the single particle bases in which we can an-
alyze the atom-field dynamics of Eq. (3), the harmonic
oscillator basis takes a special role. The condensate is
initially assumed to be non-interacting and in the trap
ground state. Thus in the oscillatory basis we assume it
is in a coherent state of one single particle mode.
Let us expand the field operator as: Ψˆ(x) =∑∞
k=0 ϕk(x)aˆk. The ϕk(x) are the eigenstates of the sin-
gle particle Hamiltonian for a harmonic potential, with
a collective index k labelling all quantum numbers. The
operator aˆk annihilates an atom in eigenstate ϕk(x), with
Hˆ0ϕk(x) = ~ωkϕk(x). Using this expansion, we can
rewrite Eq. (3) as
i~
∂
∂t
aˆk = ~ωkaˆk +
∑
lmn
Uklmnaˆ
†
l aˆmaˆn. (4)
The Uklmn are overlap integrals of the form
Uklmn = U0
∫
d3x ϕ∗k(x)ϕ
∗
l (x)ϕm(x)ϕn(x). (5)
Initially all the atoms are in state ϕ0(x), and for short
times we can approximate Eq. (4) by:
i~
∂
∂t
aˆ0 = ~ω0aˆ0 + U0000aˆ
†
0aˆ0aˆ0. (6)
Using the trap ground state ϕ0(x) = A exp [−r2/(2σ2)]
with A = (piσ2)−3/4, σ = (~m/ω)−1/2, we find U0000 =
U0(2piσ
2)−3/2. The ground state energy term in Eq. (6)
can be eliminated using rotating frame operators: bˆ =
exp (iω0t)aˆ0. The equation of motion then becomes:
i ∂∂t bˆ = −χbˆ†bˆbˆ, with χ = U0000/~. It is known that
this operator equation gives rise to Kerr squeezing [25]
in the evolution of the quantum state. Further details
can be found in Ref. [1]. Here we merely state the most
important facts.
One can define quadratures for the state ϕ0(x) as:
Xˆθ = aˆ†0e
iθ + aˆ0e
−iθ. (7)
The variance of these operators, [∆Xˆθ]2 = 〈[Xˆθ]2〉 −
〈Xˆθ〉2, gives information about the shape of the quan-
tum state’s Wigner functon in phase-space [25]. In the
Kerr effect the variance in one quadrature θsqz drops be-
low the value for a coherent state ([∆Xˆθ]2 = 1), while
for the orthogonal quadrature θsqz + pi/2 it increases.
B. Hartree-Fock-Bogoliubov theory
To go beyond the previous section and include multi-
mode aspects of the quantum evolution, we make use
of the HFB formalism [10, 11, 12, 13]. Thus we de-
compose Ψˆ(x) into a condensate part φ(x) and quan-
tum fluctuations χˆ(x), such that Ψˆ(x) = φ(x) + χˆ(x)
and 〈Ψˆ(x)〉 = φ(x). The quantum fluctuations can be
described in terms of their lowest order correlation func-
tions: the normal density GN (x,x
′) = 〈χˆ†(x′)χˆ(x)〉 and
anomalous density GA(x,x
′) = 〈χˆ(x′)χˆ(x)〉. The result-
ing equations of motion and their implementation for a
spherically symmetric, trapped condensate have been de-
scribed in Refs. [7, 8].
We now explain how to calculate variances of the oscil-
lator ground state quadratures (7) in HFB theory. Since
we have aˆk =
∫
d3x ϕ∗k(x)Ψˆ(x), we can use
〈aˆ†kaˆk′〉 =
∫
d3x
∫
d3x′ ϕk′(x
′)ϕ∗k(x)〈Ψˆ†(x′)Ψˆ(x)〉 (8)
Expressions like Eq. (8) are all we need to extract the
quadrature variance of the trap ground state [∆Xˆθ]2
from our HFB simulations using spherical symmetry (de-
scribed in [7]). The result for the variance of the θ
quadrature is:
[∆Xˆθ0 ]
2 = 1 + 2
∫
d3x
∫
d3x′
[
ϕ0(x
′)ϕ0(x)
∗GN (x,x
′)
+ 2Re
{
ϕ∗0(x
′)ϕ∗0(x)GA(x,x
′)e−2iθ
}]
. (9)
3For our analysis of the homodyne scheme we are also
interested in the variance of the total atom number. Us-
ing Nˆ =
∫
d3x Ψˆ†(x)Ψˆ(x) we derive:
[∆Nˆ ]2 = Ntot +
∫
d3x
∫
d3x′
[
2Re {φ∗(x)φ∗(x′)GA(x,x′)}+ 2φ∗(x)φ(x′)GN (x,x′)
+
[
|GA(x,x′)|2 + |GN (x,x′)|2
] ]
. (10)
Further details about the form of Eqs. (9) and (10) that
we use for numerical solutions in spherically symmetric
situations, are given in appendix A.
In this work we have found that the results are inde-
pendent of the numerical cutoff K = pi/∆x, where ∆x
is the grid spacing, only without coupling renormaliza-
tion. As previously noted [12, 26], the diagonal part
of GA is the only divergent quantity in the formalism.
However, this contributes negligibly to the variances of
interest here, Eqs. (9) and (10).
C. Truncated Wigner theory
We have highlighted the value of verifying numerical
quantum-field theory results for a BEC by using two
quite different formalisms in Ref. [8]. Here we follow the
same approach, by investigating quadrature squeezing
using the HFB method as well as the truncated Wigner
approximation (TWA) [14, 15, 16, 17, 19]. We have
given a compact summary of the method and its imple-
mentation in Ref. [8]. Our TWA simulations are based
on solutions of the relevant stochastic differential equa-
tion in the harmonic oscillator basis [18]. The theory is
then expressed in terms of the stochastic wave function
α(x) =
∑
n αnϕn(x).
To determine the quadrature variances in this frame-
work, we use the appropriate correspondences between
averages of the stochastic wavefuntions and operator ex-
pectation values. Most importantly [15]:
α∗nαm →
1
2
(
〈Ψˆ†nΨˆm〉+ 〈ΨˆmΨˆ†n〉
)
(11)
Using Eq. (11) we obtain
[∆Xˆθ0 ]
2 =2
(
α∗0α0 − |α0|2
)
+ 2Re
{(
α0α0 − α02
)
e−2iθ
}
. (12)
III. SQUEEZING OF THE GROUND-STATE
In this section we discuss our simulations of ground
state quadrature squeezing in a harmonically trapped
condensate using the TWA and HFB. We begin with a
87Rb condensate of 6000 atoms in a spherical trap with
ω = 12.8 × 2pi Hz. Initially, the interaction between the
FIG. 1: (Color online) Evolution of the condensate density
and ground state population for scenarios I (a,c) and II (b,d),
as described in the text. The ground state population in
panels (c) and (d) is defined by N0 =
R
d3x ϕ0(x)
∗φ(x). In
either case the mean field undergoes visible change of shape
but nonetheless most of the population remains in the ground
state (c,d). Note the different time-scales for the two scenar-
ios, and that the spatial axis is a radial coordinate.
atoms is tuned to zero by use of a Feshbach resonance
so that all atoms occupy the trap ground state. The
scattering length is then suddenly switched to an either
attractive or repulsive value, which we label adyn.
We consider two cases: scenario I with adyn = −12a0
and scenario II with adyn = +12a0. In scenario I the con-
densate contracts, as expected. We evolve it for 5 ms,
which is less than the Gross-Pitaevskii/HFB collapse
time [24] of about 7.5 ms for this interaction strength
[7]. More than 96% of the population stays in the trap
ground state mode for these 5 ms. All this is shown in
Fig. 1. For the repulsive interactions in scenario II, the
BEC is stable and we evolve it for the longer span of
45 ms. During this time the cloud performs roughly one
breathing oscillation as shown in Fig. 1 (b). Less popu-
lation is transferred to non-ground state modes than in
the attractive case.
We determine the evolution of the quantum state of
the condensate in the HFB approximation. The initial
state is a coherent state, with GA = GN = 0, and
these correlation functions evolve nonzero values describ-
ing the Kerr squeezing. Our numerical results are shown
in Fig. 2. They show significant quadrature squeezing,
which evolves to a maximum and then decreases. We
find the largest squeezing in the repulsive case (Scenario
II): up to 9 dB. These results are compared with the pre-
dictions of the single mode model of section IIA. For
the repulsive scenario II the single mode model approxi-
mates the maximal squeezing attained and the time scale
on which it occurs. For the attractive scenario I the sin-
gle mode model is accurate only for short times. This
is due to the contractive dynamical instability resulting
4in greater production of uncondensed atoms than in the
repulsive case [8, 27].
IV. MATTER-WAVE HOMODYNE SCHEME
Experimentally one can measure the uncertainty of
observables, such as the total atom number in a BEC,
by determining the shot-to-shot variance. However, the
Hamiltonian (1) commutes with the number operator
Nˆ =
∫
d3x Ψˆ†Ψˆ, so it, and its statistics, are conserved.
The squeezing described in section III must therefore oc-
cur along some quadrature angle θ 6= 0 of Eq. (7) and
cannot be experimentally measured without the phase-
reference provided by the local oscillator of a homodyne
scheme [25]. Homodyne detection is well established in
quantum optics. Its core ingredient is a strong laser beam
whose quantum state is coherent. Its phase provides
the reference necessary to extract the noise amplitude
in any quadrature. In this section we propose a homo-
dyne scheme for Bose-Einstein condensates in a harmonic
trap, making use of interference between different hyper-
fine states of the condensed atoms.
To this end, we consider a condensate with two com-
ponents denoted by |1〉 and |2〉. Atoms are converted
between components by applying electromagnetic fields;
for example using microwave and RF fields in the 87Rb
experiments of Ref. [28, 29]. The Hamiltonian for our
two component Bose gas is hence
Hˆ =
∫
d3x
{ ∑
i=1,2
Ψˆ†i
(
−~
2∇2
2m
+ V
)
Ψˆi
+
∑
i,j=1,2
Uij
2
Ψˆ†i Ψˆ
†
jΨˆjΨˆi +ΩΨˆ
†
1Ψˆ2 +Ω
∗Ψˆ†2Ψˆ1
}
. (13)
The field operator Ψi(x) carries a hyperfine index i = 1, 2
and its spatial argument is suppressed in Eq. (13). We
assume identical traps for both components. There are
two intraspecies (U11, U22) and one interspecies (U12 =
U21) interaction strength. The magnitude of the coupling
coefficient |Ω|, the Rabi frequency, controls the rate of
conversion between the species. The phase of Ω controls
the relative phase of the two atomic components (see Sec.
IVB).
A. Homodyne detection
Let Ψˆ denote an atomic field, represented by compo-
nent |1〉, that undergoes Kerr squeezing. The spatial ar-
gument x is suppressed and we will denote Ψˆ(x′) by Ψˆ′.
Let Φˆ denote the local oscillator atomic field, represented
by component |2〉, which we assume to be at all times in
a coherent state 〈Φˆ(x)〉 = b(x)eiθ(x), with b(x) and θ(x)
some real functions. We also assume a large amplitude
0 1 2 3 4 5 6
t [ms]
0.6
0.7
0.8
0.9
1
1.1
V
0 10 20 30 40
t [ms]
0
0.2
0.4
0.6
0.8
1
V
(a) (b)
FIG. 2: Minimum quadrature variances V = minθ[∆Xˆ
θ ]2
corresponding to maximal squeezing versus evolution time.
We compare HFB simulations (×, Eq. (A4)) with truncated
Wigner results (solid line, Eq. (12), the dotted lines indicate
the sampling error). (a) Scenario I. (b) Scenario II. Both
panels also include the corresponding analytical result for the
single mode Kerr effect (dashed). We use Eq. (1) of Ref. [1],
with χ = 0.0134.
for the local oscillator,
|b(x)|2 ≫ 〈Ψˆ†(x)Ψˆ(x)〉. (14)
In the following we denote Xˆθ = Ψˆe−iθ + Ψˆ†eiθ, where
θ(x) is abbreviated to θ, suppressing the spatial depen-
dence, and θ(x′) is abbreviated to θ′.
We denote the combined field ϕˆ = Ψˆ + Φˆ, and deter-
mine its number variance; [∆Nˆtot]
2 = 〈Nˆ2tot〉−〈Nˆtot〉2 for
Nˆtot =
∫
d3x ϕˆ†(x)ϕˆ(x). The total number uncertainty
can be obtained from:
〈Nˆ2tot〉 =
∫
d3x
∫
d3x′
× 〈
(
Ψˆ + Φˆ
)† (
Ψˆ + Φˆ
)(
Ψˆ′ + Φˆ′
)† (
Ψˆ′ + Φˆ′
)
〉
=
∫
d3x
∫
d3x′
{
〈Ψˆ†ΨˆΨˆ†′Ψˆ′〉+ 〈Ψˆ†〉b2′beiθ
+ 〈Ψˆ†′〉b2b′eiθ′ + 〈Ψˆ〉b2′be−iθ + 〈Ψˆ′〉b2b′e−iθ′
+ b2〈Ψˆ†′Ψˆ′〉+ b2′〈Ψˆ†Ψˆ〉+ bb′e−i(θ′−θ)〈Ψˆ†Ψˆ′〉
+ bb′e−i(θ−θ
′)〈ΨˆΨˆ†′〉+ bb′e−i(θ+θ′)〈ΨˆΨˆ′〉
+ bb′ei(θ+θ
′)〈Ψˆ†′Ψˆ†〉+ b2b2′ + be−iθ〈ΨˆΨˆ†′Ψˆ′〉
+ beiθ〈Ψˆ†Ψˆ†′Ψˆ′〉+ b′e−iθ′〈Ψˆ†ΨˆΨˆ′〉
+ b′eiθ
′〈Ψˆ†ΨˆΨˆ†′〉, (15)
and
〈Nˆtot〉 =
∫
d3x
(
〈Ψˆ†Ψˆ〉+ b(x)〈Xˆθ〉+ b(x)2
)
. (16)
In writing Eq. (15) we have factored the correlations be-
tween the fields Ψˆ and Φˆ. With a strong local oscillator,
Eq. (14), we need only retain the leading order in b, and
5obtain:
[∆Nˆtot]
2 =
∫
d3x
∫
d3x′ b(x)b(x′)
×
{
e−i(θ−θ
′)
[
δ3(x− x′) +GN (x,x′)
]
+ ei(θ−θ
′)GN (x
′,x)
+ e−i(θ+θ
′)GA(x,x
′) + ei(θ+θ
′)G∗A(x,x
′)
}
= Ntot
(
1 + 2
∫
d3x
∫
d3x′ ϕ0(x)ϕ0(x
′)
[
e−i(θ
′−θ)GN (x,x
′)
+Re
{∫
d3x
∫
d3x′ e−i(θ
′+θ)GA(x,x
′)
}])
. (17)
For the last equality, we have assumed that the local
oscillator is in the trap ground state, so that b(x) =
ϕ0(x)
√
N2 ≃ ϕ0(x)
√
Ntot. N2 is the atom number in the
local oscillator and we have noted that the local oscilla-
tor is highly populated compared to the squeezed field.
If we also assume that the phase of the local oscillator is
homogenous θ(x) = θ(x′) = θ we can write:
[∆Nˆtot]
2 = Ntot[∆Xˆ
θ
0 ]
2, (18)
using Eq. (9). The quadrature angle θ is here given by the
phase angle of the local oscillator condensate. Through
the mixing of the local oscillator with the squeezed field,
the quadrature of reduced uncertainty can be rotated into
the number “quadrature”.
B. Component mixing
The experimental scheme we are modeling uses two
pulses of radiation resulting in a non-zero Ω in Eq. (13).
The first creates a small component |1〉 field from an ini-
tial, large, non-interacting component |2〉 field. Compo-
nent |1〉 is the field whose squeezing we seek to measure,
and component |2〉 serves as the local oscillator. Between
the first and second pulses the Kerr squeezing evolves,
due to self-interaction in the |1〉 component. The second
pulse, a time tevolve after the first, mixes the target field
and the local oscillator so that the quadrature squeezing
may be inferred from the number variance.
The particular quadrature measured is determined by
the phase of the complex coupling Ω. Since this is the
phase of an RF field, it may be easily adjusted between
the two pulses, allowing access to all quadratures.
We now consider the electromagnetic coupling in more
detail. When it is switched on, the atoms undergo Rabi
oscillations between the hyperfine components. These
can be understood by isolating the relevant parts of the
Heisenberg equations for the field operators
i~
˙ˆ
Ψ1 = ΩΨˆ2, i~
˙ˆ
Ψ2 = ΩΨˆ1. (19)
These have the solutions [30]
Ψˆ1 = Ψˆ1(0) cos(|Ω|t/~)− i Ω|Ω| Ψˆ2(0) sin(|Ω|t/~),
Ψˆ2 = Ψˆ2(0) cos(|Ω|t/~)− i |Ω|
Ω
Ψˆ1(0) sin(|Ω|t/~). (20)
After t = tpi/2 = ~pi/(4Ω) the trigonometric functions
have the value 1/
√
2 and each field has equal contribu-
tions from the initial fields, called a pi/2 pulse, with a
relative phase determined by the phase of the coupling
coefficient Ω. The modulus of Ω is chosen such that
tpi/2 ≪ tevolve.
C. Feshbach resonances
The situation described in section IVA will be difficult
to achieve. Since we require more atoms in the local os-
cillator component |2〉 than in the component in which
we wish to measure Kerr squeezing |1〉, this configura-
tion will give rise to Kerr squeezing in the local oscillator
itself due to its self-interaction (U22), invalidating the as-
sumption for it to be in a coherent state. Further, there
are interactions between the local oscillator and the com-
ponent to be measured (U12), which can even result in
spatial phase separation [31], and will also affect compo-
nent one’s Kerr squeezing.
Ideally, we would like to set U22 = U12 = 0 using
a Feshbach resonance. However, this would require a
rare coincidence of resonances in two different scattering
channels. Hence we also consider three other options for
improving the situation with a Feshbach resonance: (i)
increasing U11, possibly to the point that U22 and U12
can be neglected in comparison, (ii) turning off U12 only,
and (iii) turning off U22 only.
We will present detailed results for option (i) and
briefly comment on our findings for the other options,
including the ideal case.
D. Two-component Hartee-Fock-Bogoliubov
theory
To investigate the ideas of the previous sections in a full
multi-mode quantum field simulation of the homodyne
scheme, we employ HFB theory. For the two-component
case the simulation uses two condensates, φi = 〈Ψi〉, and
six correlation functions, as detailed in appendix B. That
appendix also gives our HFB equations of motion.
We simulate the evolution of squeezing in component
|1〉 followed by mixing with a highly populated compo-
nent |2〉. We show that this reduces the total number
variance in one component below the shot-noise limit,
given by the number in that component.
Since both Nˆ1 =
∫
d3xΨˆ†1Ψˆ1 and Nˆ2 =
∫
d3xΨˆ†2Ψˆ2 com-
mute with the Hamiltonian (13) for Ω = 0, we expect the
number variance of each component, Eq. (10), to change
only during the mixing step.
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FIG. 3: (a) Initial shape of “squeezing” condensate |φ1(r)|
2
(solid) and local oscillator |φ2(r)|
2 (dashed) and the corre-
sponding (equal) densities after the mixing at t = 0.4 ms
(dash-dotted). (b) Number variance in condensate compo-
nent 1 after the mixing step. For arg(Ω) = 0.66pi the Kerr
squeezing in component one with minθ [X
θ
0 ]
2 = 0.86 is largely
converted into detectable number squeezing. The thin line in-
dicates the value of 0.86 for full conversion of the quadrature
squeezing.
E. Numerical results
Now we present two-component HFB simulations of
the homodyne scheme proposed in section IVA. We as-
sume the BEC is initially split into a small cloud in com-
ponent |1〉, which is to be squeezed, and a larger cloud in
component |2〉, to serve as the local oscillator. We envis-
age the following creation sequence. After condensation
the BEC is adiabatically brought to a non-interacting
initial state with all atoms in the same hyperfine com-
ponent as done in Ref. [24]. Using electromagnetically
induced component mixing, the condensate is then split
into small and large condensates in different states. This
is the starting point of our simulations.
As discussed in section IVC, after the splitting we as-
sume that only one of the three couplings Uij is tuned
using a Feshbach resonance. For the other two, we used
the scattering lengths of the 87Rb hyperfine components
|1〉 = |F = 1,mF = −1〉 and |2〉 = |F = 2,mF = 1〉
[31, 32], which are a11 = 100.4a0, a22 = 95.47a0 and
a21 = 98.10a0, where a0 is the Bohr radius. We also
considered parameters appropriate for 85Rb. For this
case multi-component scattering length data is not avail-
able, thus we simply set both non-manipulated scatter-
ing lengths to a = −443a0 [33]. The initial numbers are
N1 = 600, N2 = 5400 both in a trap ground state. These
states are shown in Fig. 3 (a).
For the results shown in Fig. 4, we increased a11 by a
factor of five from its natural value, as in option (i). This
is not enough to really make U22 and U12 negligible, how-
ever we found stronger interactions were not numerically
tractable. In such cases we find that the local oscilla-
tor becomes squeezed as well, due to its self interaction,
however |U11| > |U22| ensures that its squeezing does not
much exceed that of component one.
For a time tevolve = 0.4 ms we see that the ground-
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FIG. 4: Quantum state evolution of a two component BEC.
Panels (a,c) show component |1〉, (b,d) component |2〉. The
variance of the trap ground-state for the quadrature with
maximal squeezing, Eq. (9), is shown in panels (a,b). The
variance of the total number in each component, Eq. (10), is
shown in panels (c,d) as a fraction of the total atom num-
ber in each component. For the first 0.4 ms, Ω = 0, fol-
lowed by a pulse of length f × tpulse = f × 5 µs with
Ω = ~pi/(4tpulse), where f . 1 is adjusted to achieve full mix-
ing. Subsequently, we again have Ω = 0. The two curves use
a different reference phase: (solid) arg(Ω) = 0.66pi, (dashed)
arg(Ω) = 0.16pi. The grayed region shows the value achieved
after the component mixing. We did not evolve the system
past tevolve + tpulse = 0.405 ms, but continued the graph as-
suming constant variances until 0.6 ms as a visualization aid.
state of component one, with adyn = 502a0, develops
a minimum quadrature variance of about 0.86 (0.66 dB
squeezing). During this time, since the electromagnetic
coupling is off, the relative number variances [∆Ni]
2/Ni
remain one to within the Gaussian approximation of the
HFB method. The slight reduction in the relative num-
ber variances seen in Fig. 4(c,d) is presumed to be due
to the development of higher order correlations than can
not be treated with the HFB, or TWA, method. After
tevolve, we apply a nonzero coupling for tpulse ≈ 5 µs, un-
til the components have mixed to equal populations, and
the total number variance now reflects the quadrature
variance of the ground state of component one before the
pulse, for a quadrature angle θ which is controlled by
the phase of the coupling, arg(Ω). Changing this phase
we can pick up anti-squeezed or squeezed quadratures,
shown in Fig. 4 (c) and (d) and Fig. 3 (b).
We find that the homodyne scheme reduces the num-
ber fluctuations of the atom field after recombination be-
low N despite squeezing of the local oscillator. Similar
findings have been reported in [1].
In the case shown in Fig. 4, corresponding to option
(i) section IVC, we find that the squeezing does not in-
crease much with further evolution. Although, it should
7increase with higher values of a11 the results presented
here are sufficient to prove the principle of the homo-
dyne scheme. For the other two options, (ii) and (iii) of
section IVC, we found that setting U22 to zero without
increasing U11 results in an even earlier turn-around of
the squeezing in component one, which therefore is neg-
ligible. Setting U12 to zero prevents this, but without
increasing U11 the local oscillator is much more squeezed
than the other component.
Finally, we examined a 85Rb type scenario, with all
three scattering lengths negative. For our simulations
we increased the magnitude of a11 by a further factor
of 5. This scenario is feasible if the evolution time is
much shorter than the collapse time, but shows an earlier
turnaround of squeezing than the corresponding repulsive
case.
V. CONCLUSIONS
We have shown that harmonically trapped condensates
with a Feshbach resonance provide a clean and stable
system to study the dynamics of quadrature squeezing
in atom-optics. We showed how to implement a matter-
wave homodyne scheme and numerically demonstrated it
for experimentally feasible parameters.
The insight into the squeezing evolution of vacuum-
fluctuations that our scheme affords might be useful for
analogue cosmology along the lines proposed in [3, 4].
The Kerr effect studied here eventually gives rise to
strongly non-Gaussian quantum fluctuations [25]. These
have been conjectured to cause a notable discrepancy
between experiment and theory in the collapse time of
attractive BECs [8]. This aspect of Kerr squeezing in
attractive condensates might merit further study.
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APPENDIX A: QUANTUM VARIANCES IN THE
HARTREE-FOCK-BOGOLIUBOV FORMALISM
Here we provide details regarding Eq. (9) for a spher-
ically symmetric situation. We decompose the oscillator
eigenstates into a radial and an angular part ϕnlm(x) =
fnl(r)Ylm(θ, φ), where Ylm(θ, φ) is a spherical harmonic.
We also expanded the collective index k → nlm. Fur-
ther we choose the spherical polar co-ordinate system r′,
φ′, θ′ for the vector x′ such that its z-axis points along
the vector x. θ′ then denotes the angle between x and
x
′, which appears as argument in the atom field corre-
lation functions for the case of spherical symmetry [7].
Finally we use an expansion of GN in terms of Legendre
polynomials Ps:
GN (x,x
′) =
M∑
s=0
G
(s)
N (r, r
′)Ps(cos θ
′), (A1)
where r = |x|, r′ = |x′|. With this Eq. (8) becomes:
〈aˆ†nlmaˆn′l′m′〉 =
∫ ∞
0
drr2
∫ ∞
0
dr′r′2
∫ 2pi
0
dφ
∫ 1
−1
d cos θ
×
∫ 2pi
0
dφ′
∫ 1
−1
d cos θ′
M∑
s=0
Yl′m′(θ
′, φ′)Y ∗lm(θ, φ)Ps(cos θ
′)
×G(s)N (r, r′)f∗nl(r)fn′l′(r′). (A2)
For the oscillator ground state Y00 = 1/
√
4pi. This allows
us to carry out the angular integrations and obtain:
〈aˆ†000aˆ000〉 = 4pi
∫ ∞
0
drr2
∫ ∞
0
dr′r′2G
(0)
N (r, r
′)f∗00(r)f00(r
′).
(A3)
We have used:
∫ 1
−1 dxPm(x) = 2δm,0. Defining f00(r) =
f˜00(r)/r and G
(m)
A/N (r, r
′) = G˜
(m)
A/N (r, r
′)/rr′ we finally ob-
tain:
minθ
[
∆Xˆθ0
]2
= 1 + 8pi
(∫ ∞
0
dr
∫ ∞
0
dr′[G˜
(0)
N (r, r
′)f˜∗00(r)f˜00(r)]
−
∣∣∣∣
∫ ∞
0
dr
∫ ∞
0
dr′[G˜
(0)
A (r, r
′)f˜00(r)f˜00(r)]
∣∣∣∣
)
. (A4)
Inserting the expansion in Legendre polynomials of the
correlation functions into Eq. (10) we can also obtain:
[∆Nˆ ]2 = Ntot
+ 8pi2
∫
dR
∫
dR′
[
Re{φ˜∗(R)φ˜∗(R′)G˜(0)A (R,R′)}
+ φ˜∗(R)φ˜(R′)G˜
(0)
N (R,R
′)
]
+ 4pi2
∫
d3x
∫
d3x′
M∑
s=0
1
2s+ 1
×
[∣∣∣G˜(s)A (R,R′)
∣∣∣2 + ∣∣∣G˜(s)N (R,R′)
∣∣∣2
]
. (A5)
8APPENDIX B: TWO-COMPONENT
HARTREE-FOCK-BOGOLIUBOV EQUATIONS
To follow the quantum evolution of our two-component
system through the initial squeezing stage past the mix-
ing step, we make use of the HFB formalism. The set of
variables used in [7] must be extended to accommodate
two hyperfine states. We split the field operators into
mean and fluctuations: Ψˆ1 = φ1 + χˆ1, Ψˆ2 = φ2 + χˆ2,
with 〈Ψˆn〉 = φn. We then consider two condensates φ1,
φ2 and six correlation functions (using i ∈ {1, 2}):
GNi(x,x
′) = 〈χˆ†i (x′)χˆi(x)〉, (B1)
GAi(x,x
′) = 〈χˆi(x′)χˆi(x)〉, (B2)
GCN (x,x
′) = 〈χˆ†2(x′)χˆ1(x)〉, (B3)
GCA(x,x
′) = 〈χˆ2(x′)χˆ1(x)〉. (B4)
The equations of motion for the condensates and the
correlation functions GA/N,1/2 are partially identical to
those previously presented [7]. However, additional terms
exist in all of them due to the coupling between the
two hyperfine components. In the following we use the
notation of Ref. [7], in particular: G¯N1 ≡ G¯N1(x) ≡
GN1(x,x), φn ≡ φn(x), φ′n ≡ φn(x′) etc. We fur-
ther introduce the abbreviations: nj = |φj |2 + G¯Nj ,
ηj = φ
2
j + G¯Aj , ξ = φ2φ1 + G¯CA, ζ = φ
∗
2φ1 + G¯CN and
H0j = −~2∇2x/(2m)+V (x)+ νj , H ′0j = −~2∇2x′/(2m)+
V (x′) + νj , where we allowed possibly different detun-
ings νj (not used in the present work). Our equations of
motion are then:
i~φ˙1 =H01φ1 + U11
([
2G¯N1 + |φ1|2
]
φ1 + G¯A1φ
∗
1
)
+ U12
(
n2φ1 + G¯CNφ2 + G¯CAφ
∗
2
)
+Ωφ2, (B5)
i~G˙N1(x,x
′) = (H01 −H ′01)GN1(x,x′)
+ U11
{
2 [n1 − n′1]GN1(x,x′)
+ η1GA1(x,x
′)∗ − η′∗1 GA1(x,x′)
}
+ U12
{
(n2 − n′2)GN1(x,x′)
+ ζGCN (x
′,x)∗ − ζ′∗GCN (x,x′)
+ ξGCA(x
′,x)∗ − ξ′∗GCA(x,x′)
}
+ΩGCN (x
′,x)∗ − Ω∗GCN (x,x′), (B6)
i~G˙A1(x,x
′) = (H01 +H
′
01)GN1(x,x
′)
+ U11
{
2 [n1 + n
′
1]GA1(x,x
′)
+ η1GN1(x,x
′)∗ + η′1GN1(x,x
′)
+ η1δ
(3)(x − x′)
}
(B7)
+ U12
{
(n2 + n
′
2)GA1(x,x
′)
+ ζGCA(x
′,x) + ζ′GCA(x,x
′)
+ ξGCN (x
′,x) + ξ′GCN (x,x
′)
}
+Ω [GCA(x,x
′) +GCA(x
′,x)] , (B8)
Throughout we have used:
〈χˆ†1(x′)χˆ2(x)〉 = GCN (x′,x)∗, (B9)
〈χˆ†1(x′)χˆ†2(x)〉 = GCA(x′,x)∗. (B10)
One can deduce the equations for component two from
those of component one by using the following symmetry
relations, under exchange of particle labels 1↔ 2:
GCN (x
′,x)∗ ↔ GCN (x,x′), (B11)
GCA(x
′,x)↔ GCA(x,x′), (B12)
G¯CN ↔ G¯∗CN , (B13)
G¯CA ↔ G¯CA, (B14)
Ω↔ Ω∗. (B15)
The equations of motion for the cross correlation func-
tions are:
i~G˙CN(x,x
′) =
(H01 −H ′02)GCN (x,x′) + 2 [U11n1 − U22n′2]GCN (x,x′)
+ U11η1G
∗
CA(x,x
′)− U22η′∗2 GCA(x,x′)
+ U12
{
(n2 − n′1)GCN (x,x′)
+ ξGA2(x,x
′)∗ − ξ′∗GA1(x,x′)
+ ζGN2(x,x
′)− ζ ′GN1(x,x′)
}
+ Ω(GN2(x,x
′)−GN1(x,x′)) , (B16)
9and
i~G˙CA(x,x
′) =
(H01 +H
′
02)GCA(x,x
′) + 2 [U11n1 + U22n
′
2]GCA(x,x
′)
+ U11η1G
∗
CN (x,x
′) + U22η
′
2GCN(x,x
′)
+ U12
{
(n2 + n
′
1)GCA(x,x
′)
+ ξ
[
GN2(x,x
′)∗ + δ(3)(x − x′)
]
+ ξ
′
GN1(x,x
′)
+ ζGA2(x,x
′) + ζ
′∗GA1(x,x
′)
}
+ΩGA2(x,x
′) + Ω∗GA1(x,x
′). (B17)
[1] M. T. Johnsson and S. A. Haine, Phys. Rev. Lett. 99,
010401 (2007).
[2] C. Barcelo´, S. Liberati, and M. Visser, Living Rev. Rel-
ativity 8, 12 (2005).
[3] E. A. Calzetta and B. L. Hu, Phys. Rev. A 68, 043625
(2003).
[4] E. A. Calzetta and B. L. Hu, Int. J. Theor. Phys. 44,
1691 (2005).
[5] C. Barcelo´, S. Liberati, and M. Visser, Phys. Rev. A 68,
053613 (2003).
[6] C. M. Savage, N. P. Robins, and J. J. Hope, Phys. Rev.
A 67, 014304 (2003).
[7] S. Wu¨ster, J. J. Hope, and C. M. Savage, Phys. Rev. A
71, 033604 (2005).
[8] S. Wu¨ster, B. J. Da¸browska-Wu¨ster, A. S. Bradley, M. J.
Davis, P. B. Blakie, J. J. Hope, and C. M. Savage, Phys.
Rev. A 75, 043611 (2007).
[9] S. Weinfurtner, A. White, and M. Visser (2007),
Phys. Rev. D, in press, gr-qc/0703117.
[10] A. Griffin, Phys. Rev. B 53, 9341 (1996).
[11] D. A. W. Hutchinson, R. J. Dodd, and K. Burnett, Phys.
Rev. Lett. 81, 2198 (1998).
[12] S. A. Morgan, Phys. Rev. A 72, 043609 (2005).
[13] J. N. Milstein, C. Menotti, and M. J. Holland, New J.
Phys. 5, 52 (2003).
[14] M. J. Steel, M. K. Olsen, L. I. Plimak, P. D. Drummond,
S. M. Tan, M. J. Collett, D. F. Walls, and R. Graham,
Phys. Rev. A 58, 4824 (1998).
[15] C. W. Gardiner and P. Zoller, Quantum Noise (Springer-
Verlag, Berlin Heidelberg,, 2004).
[16] A. A. Norrie, R. J. Ballagh, and C. W. Gardiner, Phys.
Rev. Lett. 94, 040401 (2005).
[17] A. Sinatra, C. Lobo, and Y. Castin, J. Phys. B: At. Mol.
Opt. Phys. 35, 3599 (2002).
[18] P. B. Blakie and M. J. Davis, Phys. Rev. A 72, 063608
(2005).
[19] A. A. Norrie, Ph.D. thesis, Uni-
versity of Otago (2005), URL
http://www.physics.otago.ac.nz/research/jackdodd/resources/thesis_page.html .
[20] J. A. Dunningham, M. J. Collet, and D. F. Walls, Physics
Letters A 245, 49 (1998).
[21] M. Lewenstein and L. You, Phys. Rev. Lett. 77, 3489
(1996).
[22] M. Haque and A. E. Ruckenstein, Phys. Rev. A 74,
043622 (2006).
[23] K. Mølmer, Phys. Rev. A 55, 3195 (1997).
[24] E. A. Donley, N. R. Claussen, S. L. Cornish, J. L.
Roberts, E. A. Cornell, and C. E. Wieman, Nature 412,
295 (2001).
[25] D. F. Walls and G. J. Milburn, Quantum Optics
(Springer Verlag, 1994).
[26] S. J. J. M. F. Kokkelmans and M. J. Holland, Phys. Rev.
Lett. 89, 180401 (2002).
[27] B. J. Da¸browska-Wu¨ster, S. Wu¨ster, A. S. Bradley, M. J.
Davis, and E. A. Ostrovskaya (2006), cond-mat/0607332.
[28] D. S. Hall, M. R. Matthews, J. R. Ensher, C. E. Wieman,
and E. A. Cornell, Phys. Rev. Lett. 81, 1539 (1998).
[29] D. S. Hall, M. R. Matthews, C. E. Wieman, and E. A.
Cornell, Phys. Rev. Lett. 81, 1543 (1998).
[30] J. E. Williams and M. J. Holland, Nature 401, 568
(1999).
[31] S. Wu¨ster, T. E. Argue, and C. M. Savage, Phys. Rev. A
72, 043616 (2005).
[32] D. M. Harber, H. J. Lewandowski, J. M. McGuirk, and
E. A. Cornell, Phys. Rev. A 66, 053616 (2002).
[33] N. R. Claussen, S. J. J. M. F. Kokkelmans, S. T. Thomp-
son, E. A. Donley, E. Hodby, and C. E. Wieman, Phys.
Rev. A 67, 060701(R) (2003).
